
T

T

C



(X ,Y ), (X ,Y ), ...., (Xn, Yn)

ρX ,Y =

n
∑

i=

(Xi − X̄)(Yi − Ȳ )

√

n
∑

i=

(Xi − X̄)
n
∑

i=

(Yi − Ȳ )

.

rX ,Y (x , y ), (x , y ), ...., (xn, yn)

rX,Y = ρ̂X,Y =

n
∑

i=

(xi − x̄)(yi − ȳ)

√

n
∑

i=

(xi − x̄)
n
∑

i=

(yi − ȳ)

.

− ≤ rX ,Y ≤ +

n

A = ( , ), B = ( , ), C = ( , ), D = ( , ỸD),

ỸD = ( , , , )

µỸD(y) =



















y − 6 y 6 ,

6 y 6 ,

−y
6 y 6 .



A,B,C,D

X̄ = Ȳ X̄

Yi Yi

˜̄YD = +
ỸD

.

r̃X,Y =

∑

i=A,B,C,D

(Xi − )(Yi − − ỸD )

√

∑

i=A,B,C,D

(Xi − )
∑

i=A,B,C,D

(Yi − − ỸD )
.

ỸD

α r̃X ,Y ỸD

r̃X ,Y ỸD α

(ỸD)α = [(ỸD)Lα, (ỸD)Uα ]

= [min
y
{y ∈ [ , ]|µỸD(y) > α},max

y
{y ∈ [ , ]|µỸD(y) > α}],

(r̃X ,Y )α = [(r̃X ,Y )Lα, (r̃X ,Y )Uα ]

= [min
r
{r ∈ [− , ]|µr̃X ,Y (r) > α},max

r
{r ∈ [− , ]|µr̃X ,Y (r) > α}].

α (ỸD)Lα, (ỸD)Uα α 6 α 6

(r̃XY )
L
α, (r̃XY )

U
α

ỸD α r̃

(ỸD)α = [ + α, − α],

r̃ α

(r̃X ,Y )Lα =
( + α)

√

/ α +
, (r̃X ,Y )Uα =

( − α)√
α − α+

.



r̃ α r̃

µr̃XY (r) =



















− +
√

r − r

− r
√ 6 r 6

√

,
√

6 r 6 √ ,

− r −
√

r − r

− r
√ 6 r 6 √ .

ỸD

[(r̃X ,Y )Lα= , (r̃X ,Y )Lα= ] = [√ ,

√

],

[(r̃X ,Y )Uα= , (r̃X ,Y )Uα= ] = [√ , √ ].

A,B,C,D

(X̃ , Ỹ ), (X̃ , Ỹ ), ...., (X̃n, Ỹn)

r̃X ,Y =

n
∑

i=

(X̃i −
n∑

i=

X̃i

n )(Ỹi −
n∑

i=

Ỹi

n )

√

√

√

√

n
∑

i=

(X̃i −
n∑

i=

X̃i

n )
n
∑

i=

(Ỹi −
n∑

i=

Ỹi

n )

.



µr̃X,Y (r) = sup
X,Y

min{µX̃i(xi)
, µỸi(yi),

∀i|r = rXY },

rX ,Y

i = , , ..., n 6 α 6 Ỹi X̃i α

(X̃i)α = [(X̃i)
L
α, (X̃i)

U
α ] = [min

x
{xi ∈ X|µX̃i(xi)

> α},max
x
{xi ∈ X|µX̃i(xi)

> α}],

(Ỹi)α = [(Ỹi)
L
α, (Ỹi)

U
α ] = [min

y
{yi ∈ Y |µỸi(yi)

> α},max
y
{yi ∈ Y |µỸi(yi)

> α}].

−α r̃X,Y

(r̃X ,Y )Lα =

min
n
∑

i=

(xi − x̄)(yi − ȳ)

√

n
∑

i=

(xi − x̄)
n
∑

i=

(yi − ȳ)

,

s.t. ˜(Xi)
L

α 6 xi 6
˜(Xi)

U

α , ∀i, ˜(Yi)
L

α 6 yi 6 ˜(Yi)
U

α , ∀i,

(r̃X ,Y )Uα =

max
n
∑

i=

(xi − x̄)(yi − ȳ)

√

n
∑

i=

(xi − x̄)
n
∑

i=

(yi − ȳ)

.

s.t. ˜(Xi)
L

α 6 xi 6
˜(Xi)

U

α , ∀i, ˜(Yi)
L

α 6 yi 6 ˜(Yi)
U

α , ∀i.

< α < α 6 α α

r̃X,Y α α α

r̃X,Y α α α

α r̃X,Y

R(r) L(r)

µr̃X ,Y (r) =















































L(r) (r̃X ,Y )Lα
=

6 r 6 (r̃X ,Y )Lα= ,

(r̃X ,Y )Lα= 6 r 6 (r̃X ,Y )Uα= ,

R(r) (r̃X ,Y )Uα= 6 r 6 (r̃X ,Y )Uα= .



(M̃i) (T̃i)

α

α α

r̃T̃ ,M̃ α

α

α = α = / α = / α = / α = / α = / α = / α = / α = / α = / α =

L

U

/ − / r̃T̃ ,M̃

/ − /

/ α =

r = /

r = r =

/

/ r̃T̃ ,M̃

/



T

α

T

T

T LR

T T : I × I → I I = [ , ]

T (x, ) = x

x 6 x , y 6 y =⇒ T (x , y ) 6 T (x , y )

T (x, y) = T (y, x)

T [x, T (y, z)] = T [T (x, y), z]

S T T

T

TW (x, y) =



















x y = ,

y x = ,

x, y 6= .

L − R B̃ = (b, αb, βB)LR Ã = (a, αA, βA)LR T T = TW

T

Ã⊕ B̃ = (a, αA, βA)LR ⊕ (b, αB , βB)LR = (a+ b,max(αA, αB),max(βA, βB))LR.

LR T L = R

Ã⊖ B̃ = (a, αA, βA)LR ⊖ (b, αB , βB)LR

= (a, αA, βA)LR ⊕ (−b, βB , αB)LR = (a− b,max(αA, βB),max(βA, αB))LR.

T LR



z 6 ab a, b >

(Ã⊗ B̃)(z) = sup
x.y=z

TW (Ã(x), B̃(y))

= max(Ã(
z

b
), B̃(

z

a
)) = max(L(

a− z
b

αA
), L(

b− z
a

αB
))

= max(L(
ab− z

αAb
), L(

ab− z

αBa
)),

(Ã⊗ B̃)(z) =



















L[ (ab−z)
max(αAb,αBa) ] z > ab−max(αAb, αBa) ,

.

(Ã⊗ B̃)(z) =



















R[ (z−ab)
max(βAb,βBa) ] z 6 ab−max(βAb, βBa) ,

.

LR a, b > LR

Ã⊗ B̃ = (ab,max(αAb, αBa),max(βAb, βBa))LR.

a, b

LR B̃ Ã a, b <

Ã⊗ B̃ = (ab,max(βAb, βBa),max(αAb, αBa))RL.

LR B̃ Ã a = , b >

Ã⊗ B̃ = ( , αAb, βAb)LR.

LR a = , b <

Ã⊗ B̃ = ( ,−βAb,−αAb)RL.

a = , b =

Ã⊗ B̃ = ( , , )LR = I{ }(x).

I{ }(x) =







x =
.



L = R a < , b >

Ã⊗ B̃ = (ab,max(αAb,−βBa),max(βAb,−αBa))RR.

LR B̃ Ã

(Ã⊗ B̃)(z) = (ab,max(αA | b |, αB | a |),max(αA | b |, αB | a |))LL.

r̃X̃,Ỹ

Ã = (a, α) Ã+ ...+ Ã = n⊙ Ã Ã, B̃

t⊙ Ã = (ta, α) t n⊙ Ã = Ã+ ...+ Ã = (na, α)

Y X n

r̃X̃,Ỹ
=

n
∑

j=

(X̃j − n ⊙
n
∑

j=

X̃j)(Ỹj − n ⊙
n
∑

j=

Ỹj)

√

n
∑

j=

(X̃j − n ⊙
n
∑

j=

X̃j)
n
∑

j=

(Ỹj − n ⊙
n
∑

j=

Ỹj)

.

j = , ..., n Ỹj = (yj , δj)L X̃j = (xj , rj)L

T

˜̃X =
n
⊙

n
∑

J=

X̃j = (
n

n
∑

J=

xj , max
6j6n

rj)L,
˜̃Y =

n
⊙

n
∑

J=

Ỹj = (
n

n
∑

J=

yj , max
6j6n

δj)L

(X̃j − ˜̃X)(Ỹj − ˜̃Y ) = ((xj −
n

n
∑

J=

xj)(yj −
n

n
∑

J=

yj),max(| xj −
n

n
∑

J=

xj | max
6j6n

δj , | yj −
n

n
∑

J=

yj | max
6j6n

rj))L.

n
∑

j=

(X̃j −
n
⊙

n
∑

j=

X̃j)(Ỹj −
n
⊙

n
∑

j=

Ỹj) =

(
n
∑

j=

(xj −
n

n
∑

k=

xk)(yj −
n

n
∑

k=

yk), max
6j6n

(| xj −
n

n
∑

k=

xk | max
6k6n

δk, | yj −
n

n
∑

k=

yk | max
6k6n

rk))L.

n
∑

J=

(X̃j −
n
⊙

n
∑

J=

X̃j) = (
n
∑

J=

(xj −
n

n
∑

k=

xk) , max
6j6n

| xj −
n

n
∑

k=

xk | max
6k6n

rk)L



√

√

√

√

n
∑

J=

(X̃j −
n
⊙

n
∑

k=

X̃k)

n
∑

J=

(Ỹj −
n
⊙

n
∑

k=

Ỹk)

= (

√

√

√

√

n
∑

J=

(xj −
n

n
∑

k=

xk)

n
∑

J=

(yj −
n

n
∑

k=

yk)

, √
n
∑

J=

(xj − n

n
∑

k=

xk)
n
∑

J=

(yj − n

n
∑

k=

yk)

×max{
n
∑

J=

(xj −
n

n
∑

k=

xk) max
6j6n

| yj −
n

n
∑

k=

yk | max
6k6n

δk,

n
∑

J=

(yj −
n

n
∑

k=

yk) max
6j6n

| xj −
n

n
∑

k=

xk | max
6k6n

rk})L.

T r̃

i X̃i Ỹi

n
∑

J=

(X̃j − ˜̃X)(Ỹj − ˜̃Y ) = ( / , / )

√

√

√

√

n
∑

J=

(X̃j − ˜̃X)
n
∑

J=

(Ỹj − ˜̃Y ) = ( / , / )



r̃X̃,Ỹ =
( / , / )

( / , / )
=



















− / −z
/ ×max( / , / ×z)

6 z 6 / ,

− z− /
/ ×max( / , / ×z)

/ 6 z 6 / ,

.

=































− / −z
/ 6 z 6 / ,

− / −z
/ ×z / 6 z 6 / ,

− z− /
/ ×z / 6 z 6 / ,

.

TW t−


